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Abstract 
A proper set of indices characterizing the polarimetric purity of light and material media is 
defined from the eigenvalues of the corresponding coherency matrix. A simple and 
generalizable relation of these indices with the current parameters characterizing the global 
purity is obtained. A general definition for systems characterized by  positive 
semidefinite Hermitian matrices is introduced in terms of the corresponding eigenvalues and 
diagonal Gell-Mann matrices. The set of 
n n×
1n −  indices of purity has a nested structure and 
provide complete information about the statistical purity of the system. 
 
PACS. 42.25.Ja Polarization – 42.68.Mj Scattering, polarization – 02.50.-r Probability theory, stochastic 
processes, and statistics 
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 1 Introduction 
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n n×
This paper deals with the mathematical description of the second order statistical purity of 
systems characterized by  positive semidefinite Hermitian matrices, as is the case of 
density matrices in quantum mechanics and coherency matrices in polarization optics.  
An overall invariant dimensionless measure of the statistical purity is given by the “Degree 
of Purity”. This quantity is related to the Von-Neumann entropy [1,2]. Nevertheless, a 
complete description of purity requires a set of 1n −  invariant dimensionless “indices of 
purity”. These parameters have been defined by us in previous works for  under the 
scope of polarization optics [
2,3,4n =
3,2]. Here we introduce a complete description of the statistical 
purity based on a new generalized definition of the indices of purity. The nested structure of 
the indices of purity is studied as well as their relations with the degree of purity.  
For the sake of clarity, the first sections of this paper deal with the case of 2D, 3D and 4D 
polarization optics, so that the concepts are finally generalized to any system characterized by 
a positive semidefinite Hermitian matrix (hereafter called coherency matrix). 
2.  2D polarimetric purity 
In the second order optics approach, the polarimetric purity of a plane wave is characterized 
through a unique parameter, namely the corresponding degree of polarization P, which can be 
written in terms of the eigenvalues of the corresponding 2 2×  coherency matrix [Φ 4,5] 
            0 1 0 1
0 1 tr
P λ λ λ− λλ λ
−= =+ Φ , (1)
where the energy flux per unit area (usually called “intensity” in this context) is given by 
. Thus, the quantities trI = Φ I  and  are invariant in the sense that they remain unchanged 
under unitary transformations of the coherency matrix [
P
6] and, hence, they are invariant with 
respect to changes of the reference system XY.  
In agreement with the statistical nature of Φ , which is a covariance matrix (and, hence, is 
a positive semidefinite Hermitian matrix), 1 2,λ λ  are non-negative. Pure states are 
characterized by rank-1 polarization matrices (only one nonzero eigenvalue, ), whereas 
rank-2 polarization matrices correspond to mixed states (
1P =
1P < ). 
An appropriate expression of P that will be useful for future considerations is 
            ( )
( )
( )
1 22
2 2
2tr
1
tr
P
⎛ ⎞⎜ ⎟= −⎜ ⎟⎝ ⎠
Φ
Φ
, 
   (2)
 
where the subscript (2) has been added in order to compare these expressions with other that 
will appear concerning higher order coherency matrices. 
Furthermore, Wolf, in a classic paper [7], showed that there always exist two orthogonal 
reference directions such that the degree of coherence μ reaches its maximum value, which 
coincides with . Thus,  can be also defined as the maximum modulus of the degree of 
coherence. 
P P
An alternative measure related with the purity of plane waves is given by the von 
Neumann entropy S [8-11], which is defined as  
            
( ) ( )
1
0
lntr ln
tr tr
i i
iS
λ λ
== − = −
∑Φ Φ
Φ Φ
. 
(3)
This dimensionless quantity is a measure of the difference in the amount of information 
between a pure state and a mixed state (both with the same intensity) and, hence, is closely 
related to P by the expression 
            ( ) ( ) ( ) ( ) ( ) ( )2 1 1 1 11 ln 1 1 ln 12 2 2 2S S P P P P P
⎧ ⎫⎡ ⎤ ⎡= ≡ − + + + − −⎨ ⎬⎤⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣⎩ ⎭⎦ , (4)
where the subscript (2) has been placed in order to compare these expressions with other that 
will appear concerning entropies corresponding to higher order coherency matrices. 
Therefore,  is characterized univocally by  and decreases monotonically as  
increases. The maximum  corresponds to 
( )2S P P
( )2 ln 2S = 0P = , whereas the minimum ( )2 0S =  is 
reached for , (i.e. when light is totally polarized, regardless of its spectral profile) [1P = 1]. 
3.  3D Polarimetric purity 
The two-dimensional formalism considered in the previous section is valid when the 
propagation direction of light is fixed, which is the commonest physical situation of interest in 
polarimetry. In the most general case, the three components of the electric field vector of the 
light wave should be considered in order to describe the polarization state. 
A first proper definition of the 3D degree of polarization was presented by Samson in 1973 
[12] within the scope of geophysical studies of ultra-low frequency magnetic fields. This 
result was also obtained by Barakat by formulating the degree of polarization in terms of 
scalar invariants of the coherency matrix [9]. Nevertheless, the study of the 3D degree of 
polarization has recently attracted attention due to the advances in optical nanotechnologies 
and from the necessity of understanding polarization phenomena in fluctuating near fields and 
evanescent waves.  
Under the second order optics approach, a complete formulation of the purity of the 3D 
states of polarization based on two relative differences of the eigenvalues of the coherency 
matrix (indices of purity) has been introduced by Gil, Correas, Melero and Ferreira [3]. More 
recently, Ellis, Dogariu, Ponomarenko and Wolf [13] have also presented two parameters 
based on two relative differences of the eigenvalues of the coherency matrix and, from this 
result, Hioe [14] has introduced a parameter called the “degree of isotropy”. We refer also to 
the relevant approaches obtained by Réfrégier, Roche and Goudail [15] who have emphasized 
the necessity of three invariant quantities to characterize the “polarimetric contrast”, so that 
different sets of three parameters defined from the 3D coherency matrix have been 
considered, as well as their relations with the different “degrees of polarization” defined by 
Barakat [9] and by Samson [12]. 
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Another purity parameter has recently been introduced by Dennis [16]  by means of 
averaging the 3D state of polarization due to a dipole over all scattering directions, which 
leads to a purity measure, which is not a unitary invariant of the coherency matrix. 
Particularly relevant contributions concerning the concept of the 3D degree of polarization 
have been presented by Setälä, Shevchenko, Kaivola and Friberg [17,18] and Ellis and 
Dogariu [19]. 
Quantum and classical approaches to the 3D degree of polarization concept, defining it as a 
distance between distributions [20] and between correlation matrices have been presented by 
Luis [21,22].  
3.1  3D Degree of purity 
In second order optics, 3D polarization states are characterized by the corresponding 
“coherency matrix” or “polarization matrix” R and the 3D “degree of purity” [2] can be 
defined as [12,9,17] 
            
( )
( )
1 2
2
(3) 2
3tr1 1
2 tr
P
⎡ ⎤⎛ ⎞⎢ ⎥⎜ ⎟= −⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
R
R
 (5)
This invariant non-dimensional parameter is limited to the interval . (3)0 1P≤ ≤ (3) 1P =  
corresponds to the case that  has only one nonzero eigenvalue (total polarimetric purity: the 
direction of propagation is constant and the electric field describes a well-defined polarization 
ellipse).  is reached when the three eigenvalues of  are equal (equiprobable mixture 
of states and zero correlation between the electric field components). 
R
(3) 0P = R
As in Ref [2] we prefer using the term “degree of purity” (which, in this case refers to 
polarimetric purity), rather than “degree of polarization”, for . (3)P
As Setälä et al. have pointed out [17,18],  takes into account not only the purity of the 
mean polarization ellipse, but also the stability of the plane that contains the instantaneous 
components of the electric field of the wave. Thus, for unpolarized light whose propagation 
direction remains fixed,  whereas 
(3)P
(2) 0P = (3) 1 2P = . It is clear that in the 3D description of 
polarization, new relevant quantities and peculiar properties arise that do not exist in the 2D 
model. Therefore, the existence of three eigenvalues leads to the fact that, unlike the 2D 
model, the overall degree of purity  does not provide complete information of the 
polarimetric purity properties.  
(3)P
3.2  3D Indices of purity 
In order to find adequate invariant non-dimensional quantities that contain a complete 
description of the purity of 3D polarization states, we return to  and observe that it can be 
defined as a relative difference between the two eigenvalues, so that 
(2)P
(2)0 1P≤ ≤ . 
In the light of the structure of the algebraic expressions of the eigenvalues of R, and by 
inspecting the various relative differences between them, we see that a convenient pair of 
“indices of purity” is defined as [3,2] 
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            0 1 0 1 21 2
2,
tr tr
P Pλ λ λ λ λ− + −= =
R R
. (6)
These non-dimensional quantities are restricted by the following limits 
            1 20 1P P≤ ≤ ≤ . (7)
From the above equations, the following quadratic relation between  and the two 
indices of purity  is derived [
(3)P
1 2, P P 2] 
            ( )2 2(3) 1 21 34P P= + 2P . (8)
Another interesting expression of , as a homogeneous quadratic measure of all the 
relative differences between the eigenvalues, is the following [
(3)P
2] 
            
2
2 2
(3)
, 0
1 ,
2 t
i j
ij ij
i j
i j
P p p
r
λ λ
=<
−= ≡∑ R . (9)
Thus, the two indices of purity provide complete information about the polarimetric purity 
of the corresponding polarization state. The physically feasible region in the purity space 
 is shown in Fig.1. 1 2,P P
B (0,1) 
A (0,0) 
P2
P1
C (1,1)
 
Fig.1. Feasible region for  in the purity space. 1 2,P P
As we will see in the case analysis presented below,  maintain its meaning of “2D 
degree of polarization” whereas  have the following properties [
1P
2P 2]: 
• If  (fully random polarization ellipse), then 1 0P = 20 P 1≤ ≤ . We see that the only 
possible contribution to purity of  is related with the stability of the propagation 
direction.  
2P
• If  (pure 2D state), then 1 1P = 2 1P =  and ( )3 1P =  (3D pure state). This agrees with the 
fact that a 2D pure state is a 3D pure state with fixed direction of propagation. 
• If , then  and 2 0P = 1 0P = ( )3 0P =  (3D unpolarized state). This agrees with the fact that 
a random propagation direction entails a random polarization ellipse. 
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These arguments indicate that  is a measure of the degree of stability of the propagation 
direction of the wave.  
2P
A systematic analysis of the physical interpretation of  for different cases has been 
performed by us in a previous paper [
1 2,P P
2] where the following names for the parameters of 
purity have been proposed, : degree of polarization; : degree of directionality, and : 
degree of purity. These names are consistent with the concepts underlying these relevant 
quantities. We also observe that these arguments agree with the conclusions of the study of 
Ellis and Dogariu concerning the concept of degree of polarization and the other invariant 
quantities describing the purity of a polarization state [
1P 2P ( )3P
19].  
3.3  Von-Neumann entropy associated with R 
From the description of the von Neumann entropy for n-dimensional density matrices 
introduced by Fano [8] and studied by Brosseau [1], the 3D polarization entropy  can be 
defined as 
S
            ( )
( ) ( )
2
0
3
lntr ln
tr tr
i i
iS
λ λ
== − = −
∑R R
R R
. 
(10)
Thus, the entropy of a state of polarization can be expressed in terms of the indices of 
purity of R [2] 
( )
( ) ( )
3
2 1 2 1
2
2 1 2 1 2
1 3 1 31 1 11 1 3 1 1 3 12 2 2 2ln 1 ln 1 ln 1
3 3 2 2 3 3 2 2 3 3
S
P P P P P
P P P P P
=
⎧ ⎫⎛ ⎞ ⎛ ⎞+ + + −⎜ ⎟ ⎜ ⎟⎪ ⎪−⎡ ⎤ ⎡ ⎤⎪ ⎪⎛ ⎞ ⎛ ⎞ ⎡⎝ ⎠ ⎝ ⎠= − + + + + − + −⎨ ⎬⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎣⎣ ⎦ ⎣ ⎦⎪ ⎪⎪ ⎪⎩ ⎭
⎤
⎦
 
(11)
S is characterized univocally by  and . The maximum 1P 2P ( )3 ln 3S =  corresponds to 
, whereas the minimum 1 1 (3) 0P P P= = = ( )3 0S =  is reached when 1 1 (3) 1P P P= = = .  
Taking into account the expression of the von Neumann entropy associated with 2 2×  
coherency matrices given by Eq. (4), and considering that, in the case of 3  coherency 
matrices, there exist two indices of purity defined as relative differences of the eigenvalues, 
definitions for two respective “partial entropies”, namely, directional entropy  and 
polarization entropy  have been introduced by us previously [
3×
( ) ( )22S P
( ) ( )12S P 2]. 
These invariant quantities contain objective information about the randomness in the 
propagation direction and in the polarization ellipse respectively. The condition 
 on the indices of purity has its counterpart in the partial entropies 
. 
1 20 P P≤ ≤ ≤1
n 2( ) ( ) ( ) ( )2 12 20 lS P S P≤ ≤ ≤
Moreover, specific partial entropy can be defined for each purity parameter 
tr
i j
ijp
λ λ−=
R
. 
Nevertheless, as we have seen,  contain all the relevant information and, hence, 1 2,P P
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1( ) ( ) ( ) ( )22 2,S P S P  are an adequate pair of representative quantities among all possible partial 
entropies . ( ) ( )2 ijS p
4.  Polarimetric purity of material media 
The polarimetric properties of a linear passive medium are given by its corresponding Mueller 
matrix M. The information contained in M can also be represented by means of a positive 
semidefinite Hermitian matrix H, whose elements are defined through linear combinations of 
the elements of M [23].  
4.1  Degree of polarimetric purity of material media 
The degree of polarimetric purity  of a material medium can be defined in terms of the 
coherency matrix as follows [
( )4P
23,2] 
            ( ) ( )
1 2
2
4 2
1 4tr( ) 1
3 tr
P
⎛ ⎞= −⎜ ⎟⎜ ⎟⎝ ⎠
H
Η
, (12)
This invariant non-dimensional parameter is restricted to the interval . The 
minimum  corresponds to an ideal total depolarizer, characterized by the fact that all 
eigenvalues of H are equal, i.e. the medium is composed of an equiprobable mixture of 
elements, and does not exhibit any polarimetric preference (
( )40 1P≤ ≤
( )4 0P =
000 except ijm m= ). The 
maximum corresponds to a pure system ( 0 1 2 30, 0λ λ λ λ> = = = ). 
( )4P  gives an objective measure of the global polarimetric purity of the system, as well as of 
its depolarizing power, and provides criteria for the analysis of measured Mueller matrices 
[24-27]. 
Moreover, the “depolarizance” or “depolarizing power” D of an optical system can be 
defined as [28,2] 
            (4)1D P≡ − . (13)
4.2  Indices of polarimetric purity of material media 
Given the statistical nature of the coherency matrices  representing material media, we 
emphasize the importance of obtaining parameters that give a measurement of their 
polarimetric purity. Usually the degree of purity  [
H
(4)P 28,29] or, alternatively, the polarization 
entropy [30], is used as a quantity characterizing the overall purity.  
Thus, in a similar manner that in the cases of 2 2×  and 3 3×  coherency matrices 
representing states of light, a complete description of the purity of  requires considering 
several relative differences between the four eigenvalues of . Thus, three new invariant and 
non-dimensional “indices of purity” can be defined from the eigenvalues of  so that this set 
of three quantities contains all the information concerning the polarimetric purity. It should be 
H
H
H
noted that neither  nor the polarization entropy cover all the information mentioned, but 
they can be calculated from the indices of purity. 
(4)P
In previous papers, we defined the following set of 4D indices of purity [3, 2] 
            
( ) ( )0 1 2 30 1 2 3
1 2 3, ,tr tr tr
p p p
λ λ λ λ
.λ λ λ+ − +− −≡ ≡ ≡
H H H
λ
3
 (14)
An exhaustive analysis of the properties of these parameters was presented in Ref [2]. The 
3D model is reproduced when 2λ λ=  or, equivalently, 3 0p = . Pure systems are 
characterized by ( ) 1 2 34 1, 0P p p p= = = = . Moreover, the values  
correspond to certain equiprobable mixtures of four (or more) incoherent elements, resulting 
in a Mueller matrix O whose elements are zero except for . We observe that the behavior 
of 
( ) 1 2 34 0P p p p= = = =
00o
3p  is different from that of 1 2,p p  and corresponds to certain kind of “residual purity” [2]. 
A later study of these indices has lead us to the following more convenient definition  
            0 1 0 1 2 0 1 21 2 3
2 3, ,
tr tr tr
P P P 3λ λ λ λ λ λ λ λ− + − + +≡ ≡ ≡
H H H
λ− , (15)
so that the eigenvalues can be expressed as 
            
( )
0 1 2
1 1 2
2 2 3
3 3
1 2 1tr 1 2 ,
4 3 3
1 2 1tr 1 2 ,
4 3 3
1 4 1tr 1 ,
4 3 3
1 tr 1 .
4
P P P
P P P
P P
P
λ
λ
λ
λ
⎛ ⎞= + + +⎜ ⎟⎝ ⎠
⎛ ⎞= − + +⎜ ⎟⎝ ⎠
⎛ ⎞= − +⎜ ⎟⎝ ⎠
= −
H
H
H
H
3
3
 (16)
The indices of purity can be interpreted as probabilistic relative measures, which provide 
complete information about the relative amounts of the “equivalent pure components” of the 
target [2]. 
From the above equations, the following quadratic relation between  and the three 
indices of purity  is obtained 
(4)P
1 2 3, ,P P P
            ( )
2 2 2
1 2 34
1 2 12
3 3 3
P P P⎛ ⎞= + +⎜ ⎟⎝ ⎠
2P . (17)
Another interesting expression of  as a symmetric quadratic mean of all the relative 
differences between pairs of eigenvalues is given by [
(4)P
2] 
            ( )
3
2 2
4
, 0
1 ,
3 t
i j
ij ij
i j
i j
P p p
r
λ λ
=<
−= ≡∑ H . (18)
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Pure systems are characterized by ( ) 1 2 34 1,P P P P= = = = . On the other hand, the values 
 correspond to certain equiprobable mixtures of four (or more) 
incoherent elements, resulting in a Mueller matrix O whose elements are zero except for . 
( ) 1 2 34 0P P P P= = = =
00o
By applying the starting conditions for the eigenvalues 3 2 10 0λ λ λ λ≤ ≤ ≤ ≤ , we find that 
the indices of purity are restricted by the following conditions 
            1 2 30 1P P P≤ ≤ ≤ ≤ . (19)
Thus, if , then . Moreover, if 1 1P = ( )2 3 4 1P P P= = = 3 0P = , then . Total 
purity is characterized by  whereas an equiprobable mixture of states is 
characterized by . 
( )1 2 4 0P P P= = =
( )(1 41P P= = )1
( )( )3 40 0P P= =
4.3  4D purity space 
Fig.2 shows the feasible region of the purity indices in the purity space. The restriction to the 
plane  reproduces the feasible region for the indices of purity  corresponding to 
 coherency matrices, and the feasible region for the degree of polarization of 
3 1P = 1 2,P P
3 3× 2 2×  
coherency matrices corresponds to the segment BC ( )2 11, 0 1P P= ≤ ≤ . 
P2
P3
P1
B (0,1,1) 
C (1,1,1) 
O (0,0,0) 
A (0,0,1) 
 
Fig.2. Feasible region for  in the purity space. 1 2 3, ,P P P
Fig.2 summarizes the different physically realizable possibilities in terms of the values of 
the indices of purity. Nevertheless, it is worth considering some particular cases in order to 
understand the physical meaning of , as well as to reproduce the feasible regions for 3D and 
2D representations of the indices of purity. 
iP
a) The face CBA corresponds to states with 3 1P = . Here we analyze the ranges 
1 . ( )( )1 2 40 1 0P P P≤ ≤ ≤ < ≤
9 
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determined by the points placed on the triangle CBA. This case is mathematically 
equivalent to that obtained fo  coherency matrices (3D polarization states).  
The system is composed of one, two or three pure elements. The feasible region is 
r 3 3×
a.1) ( )( )3 2 1 41, 0 1, 0, 1 3 1 3P P P P= < < = < < .  
 The system is composed of two or three pure elements. The two more significant have 
equal cross sections 0 1λ λ= . The feasible region is the edge AB (vertices A and B 
a.2)
excluded). These states are mathematically equivalent to states of light with random 
ellipse and whose direction of propagation is not constant. 
 ( )( )3 2 1 41, 1, 0 1 1 3 1P P P P= = ≤ ≤ ≤ ≤ .  
The system is composed of two pure elements. The feasible  region is the edge BC and 
 is mathematically equivalent to the 2D degree of polarization
  c racterized by a 
Mueller-Jones matrix. The vertex C represents this state.  
.2)  
1P ( )2P . 
a.2.1) ( )( )3 2 1 41, 1 1P P P P= = = = .  
Pure system (non-depolarizing deterministic system) ha
a.2 ( )( )3 2 1 41, 1, 0 1 3P P P P= = = = .  
The system is composed of two pure elements with equal cross sections. The 
tate and the case is mathematically equivalent to 2D 
b)  Her
point B represents this s
unpolarized light.  
  1 0P = . e we consider the ranges ( )( )2 3 40 1, 0 1 3P P P< ≤ < < <  
 is composed of fouThe system r pure elements. The two more significant have equal cross 
ectios ns 0 1λ λ= . The face OBA (ed teges OA and AB excluded) de rmines the feasible 
region. These states are exclusive of the 4D representation because the reproduction of 3D 
states (and, hence, possible 2D states) requires ( )3 30 1Pλ = = . 
b.1)  ( )( )1 2 3 40, 0 1 1 3P P P P= < = < < .  
 The system is composed of four pure elements where the two more significant have 
equal cross sections ( 0 1λ λ= ) and the two less significant have equal cross sections 
( 2 3λ λ= ) with 0 2λ λ≠ . The feasible region is represented by the edge OB (vertices 
O, B excluded).  
ac  (edges d OA excluded) corresponds to states with (1 2 3 0P P= ≤ <c)  The f e OCA  CA an )40 1 1P P< ≤ < .  
ss significant have 
equal cross sections (
( )
The system is composed of four elements. The second and the third le
1 2λ λ= ). These states are exclusive of the 4D representation. 
ed) and 
represents states where the three less significant pure components have equal cross 
sections ( 3
c.1)  ( )( )1 2 3 40 1 0 1P P P P< = = < < < .  
 The feasible region corresponds to the edge OC (vertices O, C exclud
1 2λ λ λ= = ) but different than 0λ .  
11 
 
d)  T  f
0 P≤
The system posed of four elem  significant have equal cross 
he ace OCB (edges OC and CA excluded) corresponds to states with 
)( )1 2 3 41 0 1P P P< = < < < .  
 is com ents. The two less
(
( 2 3λ λ= ). These states are exclusive of the 4D representation. 
e) ( )( )= = < < < <
ore significant have 
equal cross sections ( 2
1 2 3 40, 0 1 0 1 3P P P P .  
These states are represented by the edge OA (vertices excluded) and correspond to an 
equivalent system composed of four pure elements, where the three m
0 1λ λ λ= = ) but different than 3λ .  
f)
e elements of the Mueller 
matrix are zero except for . 
4.4
Po con pt related with non-purity of the material samples [2]. This 
non-dimensional parameter, which is directly related with the degree of purity, is defined as 
( )( )1 2 3 40 0P P P P= = = = .  
This system, equivalent to an ideal depolarizer, is composed of four pure elements with 
equal cross sections and is represented by the vertex A. All th
 
 m00
  Polarization entropy 
larization entropy [30] is a ce
            ( ) ( ) ( )
( )3
0
4
lntr ln
tr tr
i i
iS
λ λ
== − = −
∑H H
H
H H
. 
(20)
The indices of purity provide complete information about the depolarization properties and 
about the polarimetric purity of material samples, in such a manner that they cover a scope of 
information wider t  and . In fact,  and  can be directly obtained from the 
ind
 extend to 
han S( )4 ( )4P ( )4S ( )4P
ices of purity. 
Following the idea introduced in the section devoted to the entropy of 3 3×  coherency 
matrices, it is possible to 4 4×  coherency ma es the concept of partial entropies 
by defining the fo
tric
llowing quantitie polarization entropy s: ( ) ( )12S P , 3D directional entropy 
( ) ( )22 P , and 4D directional entropy ( )S ( )32S P . The latter is exclusive of n  coherency 
matrices with 4n ≥ . 
 Polarization algebra 
n×
5  nD
Through the previous sections, we have seen that there exists a strong and clear symmetry in 
2] in polarization optics. The expansion of the 
asis composed the 
the description of the purity properties [
( )1n n n× >  coherency matrix in a b n n×  identity matrix together with a 
set of 1n −  trace orthogonal, traceless, Hermitian matrices (generalized Gell-Mann matrices) 
leads to the corresponding nD Stokes parameters. The overall polarimetric purity is defined 
 the degree of purity ( )nP , whereas the detailed information about purity is given 
by the corresponding 
by means of
( )1n −  set of indices of purity [2].  
12 
 
sem
sed of the 
Thus, if Ω  is a xn n  positive idefinite Hermitian matrix and ( ), 0, 1ij i j n= −Θ  is a 
basis of Hermitian, trace orthogonal, xn n  matrices compo 1n −  traceless generators 
of the SU( ) group plus the identity matrix, all of them satisfying and n 2ij =Θ 1  ( )tr ij kl ik jlnδ δ=Θ Θ , the real coefficients tr( )ij ijc = Θ Ω  of the expansion 
            
11 n c
−
= ∑Ω Θ , 
, 0
ij ij
i jn =
(21)
are the measurable quantities characterizing completely the second order properties of the 
system.  
A proper choice for  is the set constituted by theijΘ  n n×  identity matrix together with the 
 the 
n condition n
set of 1n −  generalized Gell-Mann matrices [31], adequately weighted in order to ensure
normalizatio ( )tr ij kl ik jlδ δ=Θ Θ . As an important observation, it should be noted 
tha sis ct, in the 4 4×  case, the choice of a non-Gell-Mann ba omposed of  the set of “modified 
Dirac m ces” [atri 32,2] 
            ( ), 0,1, 2,3ij i j i j = , (22)
given by Kronecker pro
= ⊗E σ σ
ducts of the matrices  
           2 3
1 1 0 0 1 0
, , ,
1 0 0
i
i
−⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= = = =⎜ ⎜ ⎟ ⎜ ⎟⎝ ⎝ ⎠ ⎝ ⎠σ σ σ σ , (23)
where  are the Pauli matrices (that is to say, the 
 iσ  
 0 10 1 0 1⎜ ⎟ ⎟−⎝ ⎠ ⎠
0
1 2 3, ,σ σ σ 2 2×  Gell-Mann matrices), leads to the 
following expansion of  Ω   
            
3
, 0
1
4 ij ij
m= ∑Ω E , ( )ij ijm E H , tr=
i j=
(24)
where are the sixteen real elements of the corresponding Mueller matrix. It should be 
noted  whereas the  can be generalized to nD, this is not possible for the basis 
set
5.1
ity is defined as the following invariant non-dimensional quantity [2]  
ijm  
that,  basis Θij
ijE , which only appear as peculiarity of 4D.  
In order to clarify this discussion, in the Appendix we present explicit expressions of both 
s of matrices. 
  Generalized degree of purity 
The degree of pur
( ) 122
            ( ) 2
1 1
1 (tr )n
P
n
⎧ ⎫⎡ trn ⎤⎡ ⎤⎪ ⎪⎣ ⎦⎢ ⎥= −⎨ ⎬− ⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭
Ω
(25)
which can also be expres
Ω
, 
sed as  
13 
 
            ( )
1 22
2
2
0
1 1
1n
n
P
n
⎡ ⎤⎛ ⎞⎢ ⎥⎜ ⎟= −⎜ ⎟−⎢ ⎥⎝ ⎠⎣ ⎦
Ω
Ω
, (26)
in terms of the two following norms of  [2] 
           
Ω
 ( ) 21 222 0 2tr , tr⎡ ⎤≡ ≡ =⎣ ⎦Ω Ω Ω Ω Ω .  (27)
 gives a global measure of the purity of the system, so that ( )nP ( )0 1nP≤ ≤ . The minimum 
value n dom syste
n
The degree of purity can also be expressed as 
           
of the degree of purity 0P =  corresponds to a fully ran m, whereas the 
maximum value 1P =  corresponds to a pure system. 
( )
( )
 ( )
2 2
, 0
1 ,
1 tr
i j
ij ijn
i j
i j
P p p
n
λn λ
=
<
−= ≡− ∑ Ω . (28)
5.2  Generalized indices of purity 
ind us sections under the scope of optical polarimetry can The ices of purity defined in previo
be formulated in a general way for systems characterized by n n×  covariance matrices. This 
general definition, which is presented in this section, is the mai ult of this paper.  
Given a positive semidefinite, 
n res
( )1n n n× > , Hermitian matrix Ω  and 
n( )diag , ,...,λ λ λ0 1 1−Λ ≡  being the corresponding diagonal n n×  matrix whose nonzero 
ed eigenvalues 0 1 1.... 0nelements are the order λ λ λ −≥ ≥ ≥  of we define the following 
“indices of purity” (IoP) 
Ω , 
 
( )
( )
2 tr
, 1,..., 1
tr
kk
k
k kP k
n
⎡ ⎤+= =⎢ ⎥⎣ ⎦
ΛΘ
Ω
,            n − (29)
where  are the -rank, diagonal, Gell-Man matrices corresponding to the 
ntati gonal
kkΘ ( )1k +
represe on of the dia  generators of the group SU ( )1+k , in the same way as they are 
described in [33] and in [31], but adequately normalized so that ( )2tr kk n=Θ , 
 2
1
.
1
0
.
0
kk
n k
k k
⎡ ⎤⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥= −⎢ ⎥+ ⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎣ ⎦
Θ .            (30)
Thus, each index can be written as  kP  
1k
14 
 
            ( )0 tr
i k
i
k
k
P
λ λ
==
Ω
−
−∑
  1,..., 1k n= − . (31)
These indices are restricted by the following nested limits  
(32)
We see that, if P = , and if 
            1 10 ... 1nP P −≤ ≤ ≤ ≤ . 
1 1 , then 1 1... 1nP P −= = = 1 0nP − = , then 1 1... 0nP P −= = = .    
 
In order to construct a general expression of the eigenvalues of   in function of these 
ind
Ω
ices, for 1n >  we define the parameter 0 0P = , so that  
 
( ) ( ) ( )
( ) [ ]
1
1
1 1
tr 0 1 ,
1 1
tr
1 .
n
k
i k
n n
k n
n k i i
P
n
λ
λ
−
= +
− −
= − + ≤ < −⎢ ⎥+ +⎣ ⎦
= −
∑Ω
Ω
 (33)
For , we also define the additional operational parameters 
1 k iP P⎡ ⎤
1n > 1nP =  and 0=nλ , so that 
the difference between two consecutive indices can be expressed as  
            
( )
( ) ( )
1k
P P λ λ+− = − , 01 1trk k k k+ +Ω −≤≤ nk 1. (34)
We also observe the following convexity relation of these differences 
k=
            ( )1 1 1n k kP P− +
0
− =∑ . (35)
The degree of purity can be written in function of the IoP as follows 
            ( ) ( )
1 2
21n
kPn −
11 1n k
P
n k k=
⎧ ⎫⎡ ⎤⎪ ⎪= ⎨ ⎬⎢ ⎥− +⎪ ⎪⎣ ⎦⎩ ⎭∑ . (36)
From this expression, it is straightforward to obtain the following conditions 
(37)
Hence, total purity im at all partial purities are equal to one, and null purity implies 
tha
rity algebra, it is interesting to observe that the n-
dim
            ( ) 1 2 10 ... 0nnP P P P −= ⇔ = = = = , 
            ( ) 1 2 11 ... 1nnP P P P −= ⇔ = = = = . 
plies th
t all partial purities are equal to zero. 
Given the nested structure of the pu
ensional degree of purity can be expressed in terms of the (n-1)-dimensional degree of 
purity and the index of purity 1nP −  
            ( )
( )
( ) ( ) ( )
2 2
112 2
2 1
1 1
nn n
n n
P P
n n
2P −−
−= +− − . (38)
Since the Hermitian matrix  is positive semidefinite, it can be diagonalized through a 
un
Ω
itary transformation and can be written as +=Ω UΛU , where U is a unitary matrix, +U  
stands for the transposed conjugate of U. Conse  can be expressed as the follow  
convex linear combination of Hermitian, positive sem atrices 
quently, Ω ing
idefinite m
15 
 
(39.a)
where 
           
            ( )1 1
0
ˆ
n
k k k
k
P P
−
+
=
= −∑Ω Ω , 
 
( )trˆ ˆ
1k kk
+⎡ ⎤≡ ⎣ ⎦+
Ω
Ω U D U  (39.b)
and (k+1)-rank diagonal m trix whose k+1 first elements are 1 
n-(k+1) are 0. 
 Eq. (39.a) is just the nD trivial decomposition presented in Ref [2], 
tudied for the coherency matrices corresponding to 2D and 3D 
po
 
( )ˆ diag 1,...,1,0,...,0k =D  is the a
and the last 
The expansion given by
where it is applied and s
larized light as well as for the coherency matrix associated with the Mueller matrix of a 
medium.  
Moreover, the matrix Ω  can also be written as 
( )1
1
trn
k k
k
P
=
= +∑Ω Ω            nn
− Ω
I , (40.a)
where 
             
( )
( )2
tr
k k
n k k
+⎡ ⎤= ⎣ ⎦+
Ω
Ω U D U , 
(40.b)
 is the identity m d  are the nI n n×  kD n n×atrix an  diagonal Gell-Mann matrices. 
onsTo dem trate Eq (40.a) it is enough to consider the relation 
            
( ) ( ) 1ˆ ˆ1k k kk k k k−+ = + −D D D . 2n (41)
5.3  Generalized partial entropies of a covariance matrix 
            
The von Neumann entropy  
( ) ( ) ( )( )
( )
( )
3
0
lntr ln
tr tr
i i
i
nS
λ λ
== − = −
∑Ω Ω
Ω
Ω Ω
, (42)
can be expressed in function of the indices of purity and, hence, they determine the value of 
. In the same way as for polarization optics, respective partial entropies can be defined for ( )n
 index of purity ( )
S
each ( )
Appendix 
r the expansion of a  coherency matrix R, we consider the following set of 
ce-orthogonal, matrices constituted by the Gell-Mann matrices plus the identity 
( )2 1,..., 1iS P i n= −  so that they gives entropy-like measures of the 
lack of purity concerni in the purity space of the system. ng each level of detail 
As a basis fo
Hermitian, tra
 3 3×
matrix  
         
00 01 02
10 11 12
20
3 3
1 0 0 0 1 0 0 0 1
3 30 1 0 1 0 0 0 0 0
2 2
0 0 1 0 0 0 1 0 0
0 0 1 0 0 0 0 0
3 3 30 0 0 1 0 0 0 1
2 2 2
0 0 0 0 0 0 0 1 0
0 0
3 0 0 0
2
0 0
normalized Gell Mann matrices
i
i
i
i
× −
⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎜ ⎟ ⎜ ⎟ ⎜ ⎟≡ ≡ ≡⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠
−⎛ ⎞ ⎛ ⎞ ⎛⎜ ⎟ ⎜ ⎟ ⎜≡ ≡ − ≡⎜ ⎟ ⎜ ⎟ ⎜⎜ ⎟ ⎜ ⎟ ⎜⎝ ⎠ ⎝ ⎠ ⎝
−⎛⎜≡ ⎜
⎝
ω ω ω
ω ω ω
ω
⎞⎟⎟⎟⎠
21 22
0 0 0 1 0 0
3 10 0 0 1 0
2 20 0 0 0
i
i 2
⎞ ⎛ ⎞ ⎛⎟ ⎜ ⎟ ⎜≡ − ≡⎟ ⎜ ⎟ ⎜⎜ ⎟ ⎜ ⎟ ⎜ −
⎞⎟⎟⎟⎠ ⎝ ⎠ ⎝
ω ω
⎠
 
(43)
 
The notation used for these matrices is justified for the sake of simplicity as well as to 
emphasize the symmetry in the mathematical expressions of Gell-Mann matrices 
corresponding to other dimensions. In fact, leaving aside the normalization factor, the Pauli 
matrices are nested in the  restriction of . Analogous nested structure exists 
for n-dimensional generalized Gell-Mann matrices.  
2 2× 01 10 11, ,ω ω ω
Next, we include the explicit expressions of the 4 4×  Gell-Mann matrices as well as the 
 “modified Dirac matrices” cited in the paper 4 4×
 
 
00 01 02 03
10
4 4
1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
2 2 2
0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0
0 0 0
2
0 0 0 0
0 0 0 0
normalized Gell Mann matrices
i
i
× −
⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟= = = =⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
−⎛ ⎞⎜⎜= ⎜⎜⎜⎝ ⎠
Θ Θ Θ Θ
Θ 11 12 13
20 21 22
1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 1 0 0 0 0 1
2 2 2
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 022 2
0 0 0 0 0 0 0 03
0 0 0 0 0 0 0 0
i
i
i i
⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎟ ⎜ ⎟ ⎜ ⎟ ⎜−⎟ ⎜ ⎟ ⎜ ⎟ ⎜= = =⎟ ⎜ ⎟ ⎜ ⎟ ⎜⎟ ⎜ ⎟ ⎜ ⎟ ⎜⎟ ⎜ ⎟ ⎜ ⎟ ⎜⎝ ⎠ ⎝ ⎠ ⎝ ⎠
−⎛ ⎞ ⎛ ⎞⎜ ⎟ ⎜ ⎟−⎜ ⎟ ⎜ ⎟= = =⎜ ⎟ ⎜ ⎟ −⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠
Θ Θ Θ
Θ Θ Θ
⎟⎟⎟⎟⎟
23
30 31 32 33
0 0 0 0
0 0 0 0
2
2 0 0 0 0 1
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 012 2 2
0 0 0 0 0 0 0 0 0 0 0 0 0 1 03
0 0 0 0 0 0 0 0 0 0 0 0 3
i
i
i
i i i
⎛ ⎞ ⎛⎜ ⎟ ⎜⎜ ⎟ ⎜=⎜ ⎟ ⎜⎜ ⎟ ⎜⎜ ⎟ ⎜⎝ ⎠ ⎝
−⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜−⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜= = = =⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜−⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ −⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝
Θ
Θ Θ Θ Θ
⎞⎟⎟⎟⎟⎟⎠
⎞⎟⎟⎟⎟⎟⎠
(44)
 
 
16 
 
17 
 
⎞⎟⎟⎟⎟⎟⎠
⎞⎟⎟⎟⎟⎟⎠
            
00 01 02 03
10
1 0 0 0 1 0 0 0 0 0 1 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 1 0 0 0
0 0 1 0 0 0 1 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 1 0 1 0 0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
Modified Dirac matrices
i
i
i
i
−⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ −⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜= = = =⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜−⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜−⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝
⎛ ⎞⎜ ⎟−⎜ ⎟= ⎜ ⎟⎜ ⎟⎜ ⎟−⎝ ⎠
E E E E
E E11 12 13
20 21 22
1 0 0 0 0 0 1 0 0 0 0
0 1 0 0 0 0 0 1 0 0 0
0 0 1 0 1 0 0 0 0 0 0
0 0 0 1 0 1 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 1
1 0 0 0 1 0 0 0 0 0 1 0
0 0 0 1 0 0 0 1 0 1 0 0
0 0 1 0 0 0 1 0 1 0 0 0
i
i
i
i
−⎛ ⎞ ⎛ ⎞ ⎛⎜ ⎟ ⎜ ⎟ ⎜− −⎜ ⎟ ⎜ ⎟ ⎜= = =⎜ ⎟ ⎜ ⎟ ⎜−⎜ ⎟ ⎜ ⎟ ⎜⎜ ⎟ ⎜ ⎟ ⎜− −⎝ ⎠ ⎝ ⎠ ⎝
⎛ ⎞ ⎛ ⎞ ⎛⎜ ⎟ ⎜ ⎟ ⎜⎜ ⎟ ⎜ ⎟= = =⎜ ⎟ ⎜ ⎟−⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟−⎝ ⎠ ⎝ ⎠ ⎝
E E
E E E 23
30 31 32 33
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
i
i
i
i
i i i
i i i
i i i
i i i
−⎞ ⎛ ⎞⎟ ⎜ −⎜ ⎟ ⎜=⎜ ⎟ ⎜⎜ ⎟ ⎜⎜ ⎟ ⎜
⎟⎟⎟⎟⎟⎠ ⎝ ⎠
− − −⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜= = = =⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜− −⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜− −⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝
E
E E E E
− ⎞⎟⎟⎟⎟⎟⎠
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